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Abstract 

We identify multiresolution subspaces giving rise via Hankel trans- 
forms to Bessel functions. They emerge as orthogonal systems derived 
from geometric Hilbert-space considerations, the same way the wavelet 
functions from a multiresolution scaling wavelet construction arise from 
a scale of Hilbert spaces. We study the theory of representations of the 
C*-algebra O^+i arising from this multiresolution analysis. A connec- 
tion with Markov chains and representations of O^+i is found. Projection 
valued measures arising from the multiresolution analysis give rise to a 
Markov trace for quantum groups SOq. 



1 Introduction 



The starting point for the muhiresolution analysis from wavelet theory is a 
system [/, {T^ j^g^j of unitary operators with the property that the underlying 
Hilbert space H with norm ||.||, contains a vector (p Q TC, \\(p\\ = 1, satisfying 

Uif = ^ajTjip (1) 

for some sequence {aj} of complex scalars, such that, in particular ((T|) con- 
verges in 7i. In addition, the operator system {[/, T^} must satisfy a non-trivial 
commutation relation. In the case of wavelets, it is 

UTjU-'=Tn, jeZ, (2) 

where N is the scaling number, or equivalently the number of subbands in the 
corresponding multiresolution. When this structure is present, there is a way 
to recover the spectral theory of the problem at hand from representations of 
an associated C* -algebra. In the case of orthogonal wavelets, we may take this 
C*-algebra to be the Cuntz algebra. In that case, the operators Tj may be 
represented on (R) as translations, 

and U may be taken as the scaling (C/^) {x) = N^'^/^^ {x/N), N e N. This 
system clearly satisfies ©. (For a variety of other examples of these relations, 
the reader is referred to Ref . [33] . The setup there applies to dynamical systems 
of iV-to-1 Borel measurable self-maps: for example, those of complex dynamics 
and Julia sets.) In the wavelet multiresolution is built from a solution 

ifi £ L'^ (R) to the scaling identity ([!]). The numbers {ajj^gz from ([T]) must 
then satisfy the "orthogonality relations'" 

'^ak^l, ^ afcafe+2m = (5o,m, "^ e Z (3) 
feez feez 

In this case, the analysis is based on the Fourier transform: define mo as a map 
from S*^ to C by 

"^o(e") =^afee^'=*,te R (4) 
fe 

(of course we assume here and below convergence of the series and products 
involved). Then (in the wavelet case, following Ref. J]) a solution to ([1]) will 
have the product form 

oo 

0{t) = l[mo{t/N^), (5) 

up to a constant multiple. The Cuntz algebra On enters the picture as follows: 
Formula ([5]) is not practical for computations, and the analysis of orthogonality 
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relations is done better by reference to the Cimtz relations, see (ITT]) - P^ below. 
Setting, for ^ e C, j e Z 



W^(te}):=EO^(^-j), (6) 

and using ([3]), we get an isometry W of into a subspace of (R), the 
resolution subspace. Setting 

(5o/) (z) := \/7Vtoo [z) f (z^) , / G (T) , Borel measurable (7) 

and using (T) = i"^ by the Fourier series, we establish the following crucial 
intertwining identity: 

WSo = UW, (8) 

so that [/ is a unitary extension of the isometry Sq- We showed in Refs. [2] and 
[3] that functions nii, . . . , m7v-i G L°° (T) may then be chosen such that the 
corresponding matrix 



J{t+k2Tr/N) 



(9) 

j.k=0 

is in Utv (C) for Lebesgue a. a. t. Then it follows that the operators 

S,fiz):^VNm,{z)f{z''), / G (T) , (10) 

will yield a representation of the Cuntz relations; see ([TT|) - (fT^ below. Con- 
versely, if pUj) is given to satisfy the Cuntz relations, then the matrix in ^ 
takes values in Ua? (C). 

The present paper aims at an analogous construction, but based instead 
on the Bessel functions, i.e., we use the Bessel functions in (|4]) in place of the 
usual Fourier basis {e*'"*}j,g2' (l20l) below. If € N is the parameter of the 
Bessel function J^, then we show that = i/ + 1 is an admissible scaling for a 
multiresolution construction. 

The motivation for doing a multiresolution construction based on a wider 
variety of special functions, other than the Fourier basis, derives in part from 
the rather restrictive axiom system dictated by the traditional setting (31] [32l 
1331 1351 1341 136] . It is namely knownfl that many applications require a more 
general mathematical setup. Moreover, our present approach also throws some 
new light on special-function theory, and may be of independent interest for 
that reason. 

We will apply multiresolutions to the Hankel transform and the Bessel func- 
tions of integer parameter v. Our analysis is especially well suited for the 
introduction of a quantum variable q,{ < q < 1), in such a way that variations 
in q lead to a better understanding of an associated family of deformations. 
Our use of the Cuntz algebra is motivated by Refs. [5^ and [J]. The Cuntz 
algebras [5] have been used independently in operator algebra theory and in 
the study of multiresolution wavelets, and our present paper aims to both make 
this connection explicit, and as well make use of it in the analysis of special 
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functions. The g-deformations of the special functions[51 [71 [HI [E [13 [H] may 
be of independent interest. This deformation is related to, but different from, 
those which have appeared in Refs. [TTl [TH [T31 [TJl [TS]. In the last sections of 
the paper we construct a Markov chain which turns out to be related to the 
representations of Oi,+i discussed in the previous sections via projection valued 
measures. Random walks on quantum group SOq{N) are then constructed via 
representations of the braid groups. 

2 The Cuntz algebra and iterated function sys- 
tems 

We shall consider representations tt of the Cuntz algebra O^+i coming from 
multiresolution analysis based on Hankel transforms. In Section [3| we give some 
preliminaries on Hankel transforms on (R). We then construct wavelets 
arising from multiresolutions with scaling v + 1 using Hankel transforms on 

(C), relative to an appropriate measure on the field of complex numbers 
C. The map from wavelets into representations is described. We establish 
connections between certain representations of Oi^+i and Hankel wavelets arising 
from that multiresolution analysis. 

Recall that 0„+i is the C*-algebra generated by + 1, G N, isometrics 
5*0 , . . . , 5*1/ satisfying 

s:s, = 6^,1 (11) 

and 

^5.5*^1. (12) 

4=0 

The representations we will consider are realized on the Hilbert spaces H = 
{fl, d/i) where £7 is a measure space (to be specified below) and /i is a prob- 
ability measure on f2. 

We define the representations in terms of certain maps 

V 

— > such that f7 = |J (f7) and ^ (ct^ (f7) n CTj (f^)) = (13) 

1=0 

for all i ^ j- We will apply this in Section [5| to the Riemann surface of ^/z. 
In Section [4] we develop a g-parametric multiresolution wavelet analysis in 
(C, fjLq) where Hq is a g-measure, as in Refs. [HI [21] by using q-Hankel trans- 
forms. 

A class of q-parametric representations of the C*-algebra Oy+i is found. We 
further identify a class of representations of the Cuntz algebra which has the 
structure of compact quantum groups of type B.^29j 
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3 Hankel transforms and a mult iresolut ion anal- 
ysis 

In this section we construct a multiresolution using Hankel transforms. We start 
by giving some basic definitions on Hankel tranforms. 

Let us recall that the Hankel transform of order a € R of a function /, 
denoted by /, is defined, for t £ (0, oo) and x e (0, oo), by 



(-1)'' /'r\2k 



f{t)^ / J^ixt)fix)xdx, (14) 

where 



kW (a + k + 1) \2 
is the Bessel function of order a, a € R and 

e~H^~'^dt, Re(z)>0, 



r(^)- r 

Jo 



is the classical gamma function. If we multiply both sides of by Ja (yt) t 
and integrate from i = to +oo we obtain 



J„ (yt) f{t)tdt^f (y) = / J„ (yt) t / J„ {xt) f {x) x dx dt, y G (0, (x) 
Jo Jo 

(15) 

The integral transform on the left-hand side of ([15]) is equal to / (y) for suitable 
functions /, by the Hankel inversion theorem. [17| The resulting double integral 
is called the Hankel Fourier-Bessel integral 



/ (y) = J„ (yt) J„ (xt) f (x) X dxj t dt. (16) 

It can be written as the following transform pair 

9{t) = / J^{yt)f{y)ydy, (17) 
Jo 

f{y) ^ / Jc.{yt)g{t)tdt. 



A Plancherel type result can be easily derived for this transform: if F{p) 
and G(jo), p £ (0,oo), are Hankel transforms of f{x) and g{x), x G (0, oo), 
respectively, then we have 

/■oo /"OO 

pF{p)G{p)dp = / pF{p) / xg{x)J^{px)dxdp 
Jo Jo 



f xg{x) pF{p)Ji, (px) dpj dx 

xf{x)g{x) dx. 
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Let us give some preliminaries on the standard multiresolution wavelet anal- 
ysis of scale z/, 1/ S N. Following Refs. [11 [18] we define scaling by v on !?■ (R) 

by 

{Ui) (a:) = (^ + l)-^e(^) 
and translation by 1 on (R) by 

(TO {x)=i(x~\),x&'R,. 

As mentioned in the Introduction, it is our aim here to adapt the theory of 
multiresolutions from wavelet theory [TJ (TH] to the analysis of the Bessel func- 
tions via the Hankel transform. The classical theory[2n] is based on recurrence 
algorithms which we show adapt very naturally to the multiresolutions. But our 
analysis will still be based on the "classical" identities for the special functions 
(see, e.g., Refs. (SH El EH EH EH Eg [37]). 

A scaling function is a Borel measurable function ^ L? (R) such that if Vb 
is the closed linear span of all translates T^^p^ k € then ip has the following 
four properties 

i) {r'^yj : fc e Z} is an orthonormal set in (R); 

ii) Uip£ Vq; 

iii) A„ez C^"K) = {0}; 

The simplest example of a scaling function is the characteristic function of 
the interval [0, 1], i.e., the zeroth Haar function. By i) we may define an isometry 

as follows. The scaling by v on (R) is defined by the unitary operator U 
given by [UCj{x) = {v + 1)"^ ^ {{v + 1)"^ for ^ € (R,)^ a; € R, and the 
translation as the following operator {T£){x) — ^{x — 1). 

We consider the scaling Haar function Lp given as the sum 1^9(2;) = h{l — x) — 
h {—x) of Heaviside functions h, h{x) = 1 for x > and h{x) = for x < 

Let Vb be the linear span of | ipi''^ (x) = x'^ip (x — k)\ . Then Vb is a 

L J fcez 

closed subspace of (R) with respect to the following scalar product: (/ | 
g) ^ J f{x)g {x) X dx. We have n„ez ^^"^o = {0} and V t^"Vb = (R). 

Let ^ e (R), and assume that ^(x) = Yl,k {y^t^^ (x)|, &fc € C, x € R 
By applying the Hankel transform • , i) to both sides of the above equal- 
ity and using the definition of Lp we get for t > 0, x e R: 

H.{^{x),t) = ^ 6fci/. ((^ (x - fc) x^ i) (18) 

fc 
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{h{k + l-x) x"", t)-Y^ bkH^ {h {k - x) x'',t) 



^ &fc (fc + 1)"+' J,+i {t {k + 1)) - ^ hkk^+^J^+i (tk) 



X Hn -,t\. 



All series converge in (R) 

To write the above expression in a more compact form we use the addition 
formula for Bessel functions 



Jn{x + y)= ^ Jk {x) Jn-k {y) ■ 



k= — oo 



Then we get 
H,{i{x),t) 



= ^ 6fc [{k + l J,+i {kt + t)- k^J.+i {kt)\ Ho 



X Ho[-,t]. 



Define 



{k + 1)"+' J2 (tk) J.+i-h {t) - k-'J^+i (kt) 



(19) 



(20) 



Here we consider (R, /i) with diJ,{x) = x dx. By using the Plancherel Theo- 
rem, and the orthogonality of the Haar functions, we get 



(21) 
(22) 



= J\i'Hx)^i^\x)xdx 

roo 

= / [H^ {x" [h{k + l-x)-h{k-x)], t) 
Jo 

X {x" [h (1 -x)-h i-x)] , t)] t dt 
^ /-i+i 

= Y [H^{x''[h{k + l-x)-h{k-x)],t) 

X H^ix^lhil- x) - h{-x)],t)]tdt. 
Thus the latter, upon a change of variables, can be rewritten as 

/ y2[H.{x''[h{k+l-x)-h{k-x)],t+j)H,{x''[h{l-x)-h{-x)],t+j)]{t+j)dt. 

(23) 



7 



We used the following obvious fact: 

1 



dt 



On comparing (|24p and ([23|) for fc = 0, we get 

^ ^^'^ih{l-x)-h i-x)] ,t + j)~ — ^ 



(24) 



0, Lebesgue a.e. 



On the other hand, in view of dH]), (EOl), and (HH) the left-hand side of this 
equality can be rewritten in terms of mo as follows 



J2\mo{t + jf\Ho{l/z,t + jf = \ Lebesg 



i6Z 



ue a.e. 



To get a direct connection with representations of Oiz+i, we need to consider 
our new multiresolutions on the complex plane C. Assume (/? to be a step 
function on C, defined for |z| < 1 by 



(I 



(p\\z\e 



Arg{z)\ ^ 



1 if < Arg (z) < a, 
otherwise, 



where a = 22., for a fixed m e N. With fc,TOeN, l<iV<m take then Vq to 
be the span of {f [{\z\ + k) exp {i (Arg (z) + Na))]}. Let 



(25) 



be the scaling operator. For j G Z let Vj be the closed span in (C, i') of 



feeZ, l<Af<m 



Consider L^{C,iy) where the measure (z) — z" dz, and dz denotes the 
planar measure on C. Assume Uip G Vq, i.e., 

(Uif) (z) - J2 ""k^ [(1^1 + ^) (Arg (z) + Na))] , fc G Z 



Proposition 1 With the assumptions above, the properties i)-iv) of a multires- 
olution are satisfied. 

Proof. i) follows from the fact that the i^s's have disjoint support on 
L^{Ctv). ii) holds for Haar functions and iii) follows from i). By the den- 
sity of step functions in (C, v) also iv) follows. 

If C e and 7^ -1, then G Vq. Since 



(y5 e VJ) C V-i and < ip 



+ k exp [i (Arg (z) + Na)) 
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are orthonormal in V-i, we have 



k 



P + 1 



+ A: exp {i (Arg (z) + Na)) 



,zGC, 



so by applying the Hankel transform of order z/ , wc get 



v + l 



k exp {i (Arg {z) + Na)) 



;t =moit)Ho -;t 



Using the orthogonahty of (p [{\z\ + k) exp {i (Arg (z) + Na))]i^^2, ™ -^^ (C, i^)we 
have 



(<^(fc,JV) I ^(0,0)^ = jj^(^^''){z)^('>^'>){z)zd,ji{z) (26) 



nZTT 
<p [{\z\ + k) exp {i (Arg (0) + TVa))] 



X <p[k|exp(iArg(2;))] 



u + i{v+l) 
By the Plancherel theorem, we then have 



X |z|''+^exp(iArg(z)(z/+l)) d\z\ dAxg{z) 

kr+'4.orfk| / exp(iArg(z)(z.+ l)) 
Jo 

X (5jv,orfArg (z) 

1 gia(i/+l) _ I 

<5fe,0 77 — TT f^JV.O- 



1 gia{u+l) _ ^ 

:Skfi — r 



Sn,o = jj^ (^C^'^) {z) ; t) (^(0.°) {z) ■,t)tdv (t) . 



!/ + 2 i{u + l) 
The left-hand side can then be rewritten as 

((^('^'^^ (z) ; t) i7,(^(o.") (z);f)i'^+^ rft d Arg (t) . 



Jo 



Upon a change of variable letting 9 = Arg {t + 27: j), the latter equals 
j^^ d \t\ £ e"^(^+i) J2 (^^''''^^ (^) ; e'^) (^(°'°) (^) ; |i| e'«) d^. 

Comparing the previous two formulae for fc = iV = we get 

2 X giQ(i^+l) _ X 



Rewriting the above in terms of mo we have 



Ho[-^;\t\e" 



for Lebesgue a.e. 



I/ + 2 i(i/ + l) 



since 



Ho -Me 

z 



|tr+^ d\t\ / e'2-(-+i) V |mo (te^-^) 
Jo ^ 

Jo Jo 



de 



From ([26|) we get 
Jo Jo 



1^ + 2 



^AT.O 



1^ + 2 



itr-id|ti 



Thus 



(27) 



Setc=^;then(^jE,ho(te2-^/('^+i))| =1. □ 

In fact, as in Ref. yy, Thm. 5.1.1, we have proved a part of the foUowing 
result. 

Theorem 2 // the ladder of the closed subspaces {Vj}j^2 ''^ i^^^) satis- 
fies properties i)-iv), then there exists an associated orthonormal wavelet basis 
{if^jk '■ j,k G Z} for (C, v) such that 

(U^) (z) = m + k) exp {z (Arg (z) + Na))] 

k 

holds. One possibility for construction of the wavelet corresponding to Lp is that 



+ k) exp {i (Arg (z) + No))] ]{v + l)t)= toq {t)Ho\-:t 



be satisfied. 

Completion of proof. . We observe that the Bessel functions have a "muhi- 
phcative periodicity" on the unit circle in the following sense: 



J, (ze"''^) = e^'^'^J, (z) 
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From the above ^7\ . this imphes that 

c-^ E ho {ze^^''^^^^'^) I' = (J^ + 1) . 



3=0 

Given toq satisfying ([?7)) there exists {mi, i = 1, . . . , i^} from Corollary 4.2 
of Ref. [3] such that 

V 

c~-^mfe (z exp (27ri j/ (i^ + l)))mA;' (z exp (27rij/ (i/ + 1))) = Jfefe' (i^ + 1) . 

Thus, reformulating the orthogonality conditions in I? (C,j^), we get that the 
following matrix. 



M{z) 



/ mo (ctq (z)) mo (cti (z)) ... mo (cti, (z)) \ 
mi (fTo (^)) mi ((Ti (z)) ... mi (cr^ (z)) 



\ m^ (fJo (2:)) m,, (cti (z)) ... mi. (cr„ (z)) / 



is unitary for Lebesgue almost all z g C. 

Let Oyj^x be the C*-algebra generated by + 1 isometrics Sq, 5*1, ... , S^, 
e N satisfying: 

V 

i=0 

The representations we consider are now realized on the Hilbert space H = 
(C, v) where the measure v is given by di^ (z) = z'^ dz. 

As in Ref. [18] the representation of the Cuntz algebra is defined in terms of 
certain maps 

ai'. il — > il, 

such that fi {ai (51) n (jj (il)) = for i 7^ as in (fT3|) . and of measurable 
functions mo, . . . , m^: C — * C. Also we have, for (C, v): 

[ f (z) dv (z) - P- [ f (''r {z}) dv (z) , (28) 

where {pr} is a (finite) probability distribution on the cyclic group Zj^+i. 
The representations take the following form on (C, v) 

(SkO (z)=mfc(z)e(z''+i),eeL^(C,i.) : 

where the functions mj, are obtained from the above multiresolution construc- 
tion. It is easy to verify that Sk is a representation of O1/+1, z G C and that 

[SkO (z) = Cr^PrTnk (cTr {z))S, {dr (z)) . 

i-GZ„ + i 
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In fact we have 



by the unitarity of the matrix M (z). Similarly we may verify that 

fcGZ„ + i 

As a result, wc then have indeed a representation of 0,y+i. 



□ 



4 A g'-parametric construction of mo 

Let us now turn to a g-parametric construction of mp. We start by giving 
a g-extension of the Hankel Fourier-Bessel integral. We use the orthogonality 
relations from the following result (Theorem 3.10, p. 35 of Ref. [15]) and [2T| . 



Theorem 3 For x G C and \x\ < q 2 ^ n,m E Z, < q < l,we have 



k— — oo 



(9; 9)00 • 



9,9 



n+fe+l 



(9; 9)00 ' V a;'9 



q,q 



m+fe+l 



where the sum is absolutely convergent, uniformly on compact subsets of the 
open disk \x\ < q~^^'^. 

We prove that the orthogonality relation of the above theorem is a g-analogue 
of the Hankel Fourier-Bessel integral To simplify notations, we replace q 

by q^ and x by . For Re (a) > — 1 this gives 



00 (' 2a+2. 2^ 

^ q(a+l)(k+n) \'i ''^ Ic 



fc=-c 



((72; q2 



-4-1, 



/ 00 





-,2q+2 



xg 



(Q + l)(fe+n). 



^$1 



Now rewrite ([29l) as the transform pair 

('o2a+2. 2^ 
^(Q + l)(fe+n) V9 '9 ; 





2a+2 



q2,g2n+2fc+2 ) (29) 



2 2n+2fe+2 
9 1 9 



5(9") 



fe=-c 
X $14 





^2q+2 



(9^; 9^)00 
^2^^2„+2fe+2\^(^.)^ 
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where f,g are L^-functions on the set {g*^ : /c S Z} with respect to the counting 
measure. Insert in the above formulae Ja [x] q), i.e., the g-Bessel function given 

by 



^Q+l. 



X 



9^ „^ / 



('?;9)oc ' V 9' 



1 



(7, x^q I , a; e R 



instead of (q-q)^°^ and replace / (g*^) and g (g") respectively by q^ f (g*^) 

and (?")■ This implies that xf {x) and xg [x) have to be i^-functions respect 
to the dq measure on the set {g'"' : fc G Z} , see [H]. Hence we have 

oo 

9{<f ) - E 9''-^- (30) 

k— — QO 

oo 



n— — oo 



and the result follows. 

Remark 4 When q — > 1 t/;it/i the condition 

log(l - gr) 



logg 



e 2Z, 



we can replace q and m (I30p by {1 — q)^ q and (1 — q)'^ q^^ respectively. By 
using the following q-integral notation, [21j . |15] 

poo 

/ fit)dqt=il-q) ^ (31) 

k—-~oo 

then (j30p iaA;es i/ie /orm 

/■oo 

g(A) = / f{x)Ja{{l-q)Xx;q^)xdq{x), 
Jo 

fix) = / g{X)J^{{l-q)\x;q^)Xdq{X), 
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where X in the first identity, and x in the second identity, take the values g", 
n £ Z. For q — > 1 we therefore obtain, at least formally, the Hankel transform 
pair 



9 (A) = f (x) Ja (Xx) X dx, 

Jo 

/•oo 

fix) ^ / 9{X)Ja{Xx)XdX. 



We construct a g-analogue of a multiresolution via q-Hankel transforms. To 
achieve that, let us proceed as we did in the previous section; but now we replace 
the Hankel transform by the deformed one using a g-measure. Let us consider as 
before the space (C), but with the measure dv (z) replaced by the g-measure 
dfq (z), i.e., dfiq (z) = z'^ dq (z), see [15], [21]. Assume ip to be the function on C 
defined for |z| < 1 by 



(I 



ip\\z\e 



iA,g(z)\ ^ / 1 if < Arg {z) < a, 
otherwise. 



where N. Take then Vb to be the closed span in (C, Vq (z)) of 

{if [{\z\ + k) exp (i (Arg (z) + No))]}, with k,m £ Z, 1 < N < m. Let be the 
scaling operator ([25ll . Let 



Vj = span < (f 



(^+ir y 



jeZ, l<N<m 



Let ^ be a function on (C, lyq (z)) given by 

e (z) = ^ a, W m + fc) cxp [i (Arg (z) + Na))]} . 

k 

Assume Uip £Vq, i.e., 

{Up) (z) = '^kV [{VA + k) exp {i (Arg (z) + Na))] . 

k 

Proposition 5 With the assumptions above, we conclude that the properties 
i)~iv) of a multiresolution are satisfied. 

Proof. i) follows from the fact that the (p's have disjoint support on 
{C,Vq). ii) holds as before and iii) follows from i). By the density of step 

functions on (C, dvq) also iv) follows. 

If ^ e V-j then U^^ E Vq. By applying the g-Hankel transform of order v 

we get 



HS{^[{\z\ + 



k) exp {i (Arg (z) + Na))] ; t) = mo (t) Hi ^) , 



14 



where we denote by {z; t) the q-Hankel transform to avoid confusion wth the 
usual non deformed transform. The Plancherel Theorem for Hankel transforms 
extends in a natural way to the case of q-Hankel transforms where it takes the 
following form: 

' ' tF it) G (t) di^g (0 = // zf (z) g (z) duq (z) , 
c J Jc 

where dvq {z) is the g-measure pip . 

Then by using the orthogonality of [(|z| + fc) exp (i (Arg (z) + iVa))]^^^ 
and the following fact: 

l-r' '^.l-l = Y^^.O<g<l 
we have 



n27r 
^[(|z| + fc)exp {i (Arg (z) + iVa))] 



X '^5[|z|exp(iArg(z))] 

X |zr+^ exp {i Arg (z) {v + 1)) d \z\ d Arg (z) 
'|zr+i<5,,od|z| 







exp {i Arg (z) (t/ + 1)) Sn^^ d Arg (z) 

1-g eja(^+i) _ 1 

Ofc,0 — —, — — T — On,0- 



By the Plancherel theorem, we then have 



1-q gm(i^+i) _ 1 

rOfc,o — — — T — OAr,o 



1-9^+2 i(i^ + l) 
ff,' (^e^^^) (z) ; i) (z);t)t du, (t) 



ic 

The left-hand side can then be rewritten as 

nl ra 



"'0 



(^(^■■^) (z) ;i) {^(^^^^ {z)-ty+U,tdkTg{t) . 



Upon a change of variable setting 9 — Arg {t + 2TTj),j £ Z the latter expression 
is equal 

\tr' d, \t\ £ e^^^-'+i) J2 Hi {z) ; N e'^) i?.«(^(o.o)(z);|t|e^«)de. 
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Comparing the previous two formulae for k = N = we get 

2 i_q e*a(!^+i) _ 1 



5: i/.^ ^(°'°);|i|e'^ 



1 - i (i/ + 1) 







i^a — a-e. 



Rewriting the above in terms of toq we have 

2 



1-q e'^f'^+i' - 1 
1 - I (i^ + 1) 



From (l32l) we have 



|tr-^ dg \t\ r e'«(''+i) V |mo (ie^-^^) I' d0 
^0 Jo 



1 — q gja(i'+l) _ 

r<^fe,o — — — TT — Sn.o 



thus 



Set c„ 



1 - g"+2 



1 - 9-^+2 ■ 



thus we get ^-^^ ho (te2"^/('^+i)) |' = 1. 
ssel functio 
ving sense: 



We notice that the Bessel functions have a "multipUcative periodicity" on 
the unit circle in the following sense: 



'Ju [Z) 



This implies that 



^i^|mo (te2"^/("^+i))|' = (i. + l). 



3=0 

Thus a g-analogue of Theorem [2] holds. As in the previous section we construct 
representations of the Cuntz algebra in terms of the functions rrii whose existence 
is guaranteed from Corollary 4.2 of Ref. [3 . 

As before we construct representations of the algebra O^+i associated to 
the above multiresolution for the g-deformed case. The representations are 
reahzed on a Hilbert space H — L? {Cjduq) where the measure is given by 

dVq (z) — dqZ. □ 

We now turn to the representation of the Cuntz algebra Oy^\. It is given in 
terms of certain maps 



CTfc: VL 



ak iz) = ao (z)e^'=2-/(-+i),z.eN 



(33) 
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where 

CTo {zf^^ ^ z,z e C, 
such that fiq (o-^ (fi) n ctj {fl)) =0 for j. Also, for f e L"^ {C, dvq) 

I f{z)dvq{z)= J2 [ n^r{z))dvq{z). (34) 

In fact, we have jiq {(Jr (E)) = prUq (E), for Borel subsets E C C. 
The representation takes the following form on (C, di/q): 

{SkO {z) = m, {z)^{z''+'), 

where the functions ruk are obtained from the above multiresolution construc- 
tion. Then we have 

{SlOiz)^ E C-Vr-"lfe('^. {z))^{<Jr{z)). 

Thus: 

{SlSk'Oiz) = ^ c~'^ prTUk {cTr {z))mk' {(Jr (z)) ^ {crar (z)) 

= SkM'Hz), 

by the unitarity of the matrix M (z). We have used the convention a (z) — z'^'^^ 
and the fact that a o Ur — for all r. It is easy similarly to verify that 

^ {SkSU){z)^i{z). 



As a result, we then have a representation of Oy 



+1- 



5 Multiresolution analysis 

We study now a particular case of a construction of a multiresolution. We then 
see how to construct a representation of the Cuntz algebra. It is interesting to 
see that for the corresponding representation so constructed we get a g-number 
related to the modulus of a Markov trace [27j for compact quantum groups of 
type B.[29] 

Let us consider 

= closed span { [h [q^ - z) - h {q'^^'^ - z)]] ,0 < q < I 

Consider the step function given by 

^1'=) (z, q) = [h {q^ -z)-h - z)] . (35) 
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Set 



1 _ ^2(^+1) 
1-92 



and define the scaling 

Uf (z) = {y + I)--- f ((i. + 1)-^ z)jeL^ (C, 

Assume Uip'^u'' G Vq, then 

U^i"^^ {z, g) = ^ afc [/^ (q^^ -z)-h (g'^+i - z)] . 



It follows 



{ly + iy 



hlq 



fe+1 



Let V, = f/^Yo, so that if / e V,, f/-J/ G K,. The set l^^i.' j 
orthonormal set in (c) fa^t 



IS an 



kez 



h (q'' - z) - h(q 



fc+i 



1 if < |z| < 
otherwise, 



are defined for 5*^+^ < |z| < q'^ in the annulus of r = q''^^, R = q^ . It follows 

that the set psp jiysi-'^' (^i?) r orthogonal in (C) since the functions 

L J feez 

(pi'"-' have disjoint support. Actually the set is orthogonal in (T) since for 
k — > 00, we have q'' — > 0, and for k — > 0, we have q'' — > 1. Let 



^{z)=J2ak [h (g^- - z) - - z)] 



(36) 



By applying the g-Hankel transform ^ ^ ^ to both sides of ([55)1 we get then 
I (t) - [(h {q" ^z)-h (g'^+i -z))-t], 

k 

which implies 

a, ((1 - q) tq^.q) - q^^+''^<^'^+^^ ((1 - q) tq^+^-q] 



E 

L k 



ttkq 



fe(i^+i) 



[J,+1 ((1 - g) t<Z^ q) - g^+l J.+i ((1 - q) tq^+';q)] 
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Using the Plancherel theorem for g-Hankel transforms and orthogonality of 



I (fii'^^ \ as before, since we have 
J kez 



the left-hand side becomes then 



1-9 7, 



tdqt, 



Y,<f'Hl{{h{q''-z)-h{q 



fc+i 



X Hi{{h{l-z)-h{q^-z);qis))-,^—^ 
so that almost everywhere with respect to dq, 



+1) 



S dqS, 



^ q'^m {{h {q' -z)-h {q^+^ - z) ; q^ s)) 

i6Z 

X m{{h{l-z)-h{q' -z);qis))= ^ 



1 _ g2(i.+l) • 



Now we have by using the above 

Y^q^=Hl{{h{q^-z)-h{q^+^-z);qH)) 



X m {{h {l-z)-h (gi - z) ; qH)) =J2\mo (tq^) \ 

jez 



H;i[-;tq^ 



Hence we have: 



^ |mo (V)| 



1 _ q2{u+i) ■ 



By a similar argument as above wc got the special property for the function 



mo: 



jez 



1 



1 - g2(^+i) 



(37) 



Observe that in this case since q <\t\ <1 and then from q < q^ ^ < \t\ q ^ < 
q~^ < 1 we have \t\ < q^ < 1 and then 



3< 



log 1^1 
logg ■ 
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For \t\ — q, j — 1 and for \t\ = 1, j = 0. Hence the sum in ([57]) reduces to a finite 
sum, by using a similar argument as for the Haar wavelet multiresolution. [T] For 
a scale + 1, u eN we thus have 



X! l"^o (V 

3=0 



1 



1 - g2(,y+l) ■ 



In this case we should note that \Ho (i;^^-') | = q Thus it follows: 



y~^g |mo (V 



1 - g2(y+l) 



Set rf, = ^_^2V+i) ; then ^ J2'j=o 1 |'"o (^9-') f = 1- 

With the function mg given choose mi, . . . , in (T,, j/g) such that 



3=0 

Define the functions V'lj '02, • ■ • , V'l/ by the formula: 

iJ« (^(^"'") (z) ; t + 1)) = (<) i/o' (It 



(38) 



(39) 



Concretely the functions in (|39|) are (z) = ^^(^(^^ + 1) z — q^ 

Then using JSHl) and ([211) it follows that 

is an orthogonal basis for the space V_i n Fq^ and then by iii) and iv) they form 
an orthogonal basis for (C, j/g). 

Now reformulating ([38| . the orthonormality of |(i^ + Vr"' ™'' (z)^ 

equivalent to the following matrix M (t) with entries, 



'p^mi ((To (i)) Jpimi (fJi (t)) 



/piJmo (ay (t)) ^ 



\ ^^ruy ((To (i)) y/pirrii, (ai (t)) ... (a^ (t)) / 



being unitary, where pj = q^^^ . 

The class of representations of the algebra O^+i associated to the above 
multiresolution construction is given as in the previous cases in terms of the 
functions and of the maps (T;. The representations are realized on the Hilbert 
space H = (C, Vq), where as before di^q (z) = z'^ dqZ. A similar construction 
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works for the case q = I where we use classical Bessel functions and the usual 
Hankel transform. 

Define the representation of the Cuntz algebra in terms of certain maps 
(analogous to ([55)1 ): 

a^-.Q — > D,, (Ji{z) ^ (jQ{z)q\ 

where 

(To [Z) = Z, 

such that {(Ji (17) n (7j (ri)) = for i 7^ j. Hence, the system here will be 
the iV-sheeted Riemann surface of ^/z. Also for {C, dvq) 

j J{z)dVq{z)= I n<^r{z))dVq{z), (40) 

which is the analogue of ((28|) . In fact, (cr [E)) ~ pr^q (E) with pi = g^^*, 
for Borel sets E C C. 

The representation takes the following form on (C, Vq): 

{SkO iz)=mk {z)({z''+'), 

where the functions nik are obtained from the above multiresolution construc- 
tion. By using (|40p we have 

(StO (z) = dq^PrTTlk (dr (z))^ {(Jr (z)) • 

Thus: 

{S^Sk'O (z) = Y dq^PrlTlk (cTr {z))mk' {(Tr {z)) ^ {(Jar (z)) 

= Sk,k'£,{z), 

by the unitarity of the matrix M (z). It is easy to verify that 

J2 {SkStO (z) ^ Hz) . 
fcez„+i 

We then have a representation of 0,y+i. The interesting feature in this case 
is the fact that the g-number 

appearing in the orthogonality relations is exactly a multiple of the modulus of 
the Markov trace [27] associated to the compact quantum group of type B. 
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Then we can perform a Fourier-type analysis over the cycHc group 
introducing 

^^.j- = ( 1 _ 2(.+i) ) E ('^) 

and the inverse transform 

m, (z) = ^ A,,, (z-'+i) . 

6 Tight Frames, deformed Tight Frames and rep- 
resentations of Oj,+i 

In this section we construct tight frames giving rise to certain representations 

of the Cuntz algebra. 

The representations we will consider are realized on a Hilbert space H = 

(r2, /i) where f2 is a measure space and /i is a probability measure on il. 

A frame is a set of non-independent vectors which can be used to construct 

an explicit and complete expansion for every vector in the space. Thus we have 

the following definition: 

Definition 6 A family of functions {(pj}^^j in a Hilbert space H is called a 
frame if there exist < A < oo, < B < oo so that for all f in H we have: 

A\\ff<J2\if\^j)\'<B\\ff. 

We call A and B the frame bounds. If the two frame bounds are equal then 
as in Ref. Tj the frame will be called a tight frame. Thus in a tight frame we 
have, for all / G -ff , 

Y,\{f\^,)\'=A\\f\\\ 

where (/ | ipj) are the Fourier coefficients. 

We construct tight frames but instead of a Fourier transform we use the 
Hankel transform ( defined in the previous sections). We will see that the 
construction will then extend to a g-deformed tight frame. 

Let us start with functions mo, mi, . . . , m^: T ^ C such that the following 
u + 1 X ly + 1 matrix 

mo {uu (t)) \ 
mi {a„ (t)) 



my [ffy (t)) J 



M(t) 



1 



( mo ((To (t)) mo ((Ti (<)) 
mi (cto (t)) mi (cTi (t)) 

\ mu (cto {t)) my (cTi {t)) 
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is unitary for almost all z £ T. Assume that mo (0) = 1 and that the following 
infinite product: 

oo 



1=1 



converges pointwise almost everywhere. By Ref. [T] it follows from the condition 



^ I mo (te 

that Hk {(fi (z) ;t) £ L"^ (T), and that ||iy9||2 < 1- Let us now define -01 , -02 , • • • , "01/ 
by the formula: 

Hk+, (V-^^'^") (z) ■,t{^+l))= mr (t) H„ Q; . 
Then we have that the system 

is not an orthogonal set with respect to Lebesgue measure on R, so 

(z)} 

is not an orthogonal basis for (R), but only a tight frame in the sense that 



E 



f 



l/ll 



forall/GL2 (R). 

Let us specialize to the following case on the space (T,^) with (z) 

z' 



mo{z) = ^ bkJk{z) and m^ (cTj (z)) = ^ bkJk+r (ze"-') 
fcez fcez 

where CTj (z) = ctq (-z) e'^*"' . 

The unitarity of the matrix M (z) implies the following conditions: 
1. For the diagonal entries we have: 



E 



nir (ze 



bkbiJk+r{z)Jl+r(z)( 



r=0 r=0 k,l 

Since we have the following: 
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for k = I the Residue Theorem gives the following: 

2. For the off-diagonal entries, i.e., for fc' ^ we have: 
Y^ruk' (te""-) mi, (ie--) = ; 

then we get Ylk' i' ^k'Cv = and then ^j,, bk'Cn+k' =0, I' — n + k', by using the 
"multiplicative periodicity" of the Bessel functions with respect to the argument. 
Define now ipi,^2T ■ ■ such that 

{v + 1)^ Hk+j iiJr {{z) ;{>^+l) t)) = m, {t) Ho Q; . (41) 

( such tp exist by the above wavelet construction). Then the lipi'''"^^ {z)\ 
are not orthogonal in (R) but they satisfy: 



= ll./ll' 



for all f E (R). This follows as in Ref. [1 , Prop. 6.2.3, from the unitarity of 
the matrix of the {mi j)^. = {rrii {aj (z)))^^. and from the formula (j4ip . It then 

follows that the set | ^/j^"'''"-' (z) I is a tight frame. 

^ J j,m 

Let us look at the case of the deformed representations of the algebra O^+i. 
See Ref. [30] for a class of deformed representations of the Cuntz algebra related 
to the Jackson g-Bessel functions. We consider the space {T,i') as before, 
where we take the measure given by 

dv (z) = z^^ dz, 

and using the g-Bessel functions previously defined instead of classical Bessel 
functions. 

Define the operators 5*^ on (T, dfi) by: 

{SkO iz)=mk (z)e(^^+^), 

where 

mo(z) = E bkJk{z;q) 
kez 

and 

nir (cTj (z)) = E bkJk+r {zq>]q) ■ 
fcez 
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Hence we have: 



(SkO (z) = PrUlk (cr,. (z))C (cTr (z)) ■ 



Thus: 



{SkSk'S.) (z) = ^ p^mfe (cr,. (z))mfc' (cr^ (z)) ^ {acTr (z)) 
by using the unitarity of the matrix M (z). 



7 Markov chains and representations of Oat and 

Let (f2,F, P) be a given probabihty space and let 5* = Z^v be the finite set 
0,1, ...N. An S'-valued sequence of random variables n € N is called an 
5-valued Markov chain if for every n € N and all s G S* we have: 

P{^n+l = S Uo, . . . Cn) = = S \ ^n). (42) 

where P(^„+i = s \ ^q,. . .^„) denotes the conditional probability of the event 
{£,n — s) with respect to the random variable ^„ and respectively to the field 
generated by the ^„ which we denote by cr(^„). Similarly, P(^„+i = s | ■ ■ • Cn) 
is the conditional probability of ^„+i = s with respect to cr(Co; ■ ■ - ^n), the a- 
field generated by ■ ■ • Formula (|42pis the Markov property of the chain 
n g N. The set S is called the state space and the elements of S are called 
the states. We construct a model associated to representations of the Cuntz 
algebra On which is a Markov chain. The transition probabilities depend on 
a parameter < q < 1. The Markov chain P gives rise to a random walk on 
the quantum group SOq (N) . Let us start by constructing the Markov chain we 
are interested in. Denote by M :— the following process where the ^„ are 
random variables with state space = Z^r = 0, . . . , A^. We define the following 
transition probabilities: 

(43) 

\ 

q' 

1 ) 



p{r\s) = P{i^=r\io = s). 
as in the following transition matrix: 



( q q 



N qN-1 



The matrix P is doubly stochastic since 



N 



q q q 



^p(r I s) = 1 
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and 

^p{r I s) = 1 
res 

The Markov property is clearly satisfied by construction. The transition 
probabilities can be written as 

p{r I s) = q"''-''^ 
where (Ts(r) = N + r — s + 1 mod N 

8 Iterated subdivisions and projection valued 
measures 

Let us consider the family of representations of the Cuntz algebra On where 
N = u + 1 previously constructed. A given representation of O^v restricted to 
its canonical maximal abelian subalgebra C{X) for X a Gelfand space induces 
naturally a projection- valued measure on X. The isometries generating On 
provide subdivisions of the Hilbert space H in view of 

S*Sj = Sijl 

and 

N 

i=Q 

In particular for every k £N the subspaces : 

H{ai,a2,...,ak) := Sa.Sa^ . . . Sa^H (44) 
are mutually orthogonal and 

H{ai,a2,...,ak) := H (45) 

lifeH and ||/|| = 1 then 

^if{.)■.=<.f,E{.)f>^\\E{.)f\\ (46) 

is a probability measure on the unit interval [0,1]. We want to specialize 
E{.) to our case and compute this measure which turns out to be related 
to the Markov chain constructed before. Let us observe that the index la- 
bels (ai, a2, . . . , a/c) are used to assign iV-adic partitions (e.g. the intervals 
+ ■■■ + + + -W + ^]), then we have the mapping 

(ai,...,afe) ^ i?(ai,a2,...,afe) (47) 
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where the (ai, 02, . . . , flfe) G {(0, 1, . . . , A'')} and the length of the interval is 
These partitions are a special case of endomorphisms 



X ^ X 



(48) 



where X is a compact Hausdorff space and a is continuous and onto. Then 
for every x G X we have that card{a~^ {x)) = {x & X/a{y) — x} — N . There 
exists branches of the inverse, i.e. maps 



(To, ... , (Tn-i : X ^ X 



such that 



a oai = lx 

for each < i < the above intervals written in terms of the maps are: 



(49) 
(50) 



4(a) 



ai 



a2 



N 



1 



The system aa — <Jai ° f . . . o (7^^^ forms a set of branches for = aoa . . .oa. 
and is called an N- adic systems of partitions of X. Thus for every k g Z+ 
{Jfc (a)} is a partition indexed by a G : Fjv x Fjv x . . . x Fjv- On the other 
hand, given an Hilbert space H, a partition of projections in H is a system 
P{i)i(zi of projections, i.e. P{i) = P{i)* — P{i)^ such that 



P(i)P{3) = 



if i ^ j and 



1 



H 



Suppose that for every /c G N, there is a partition of 
such that every Pk+i{a) is contained in some Pk+i{b) 
Pk+i{a) then Pk{o-)a£r'' ^ system of partitions of 
28j given an A^-adic system of projections of X and 
Pfe(a)j,g2^ a^r'' ^ a,dic system of projections there is a unique normal- 
ized orthogonal projection- valued measure E{.) defined on the Borel subsets of 
X with values in the orthogonal projections of H such that E{Jka) = Pk{a) 
for every k G a G F^. Let Si be a representation of On on H and let 



Let TV G N, iV > 2. 
projections Pk{a)^^-^k 
i.e. Pkib)Pk+i{a) = 
1h- By Lemma 3.5 



(01,02, 



, Ofe, 



and Sa := -S*, 



(ai) 



■ S(ak) then Pfe(a) 



suming then unitarity condition on the filters rrij we get 
^^f (4(a)) = |i?(4(a))|' = 



= X! |< ^n^^{a)f > =J2\< *5'(a)e„,./ >| 
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Using Plancherel theorem for Hankel transforms for a = ai we get that 

E \<H''M^),qHN,f>\'=[[N]iy' (51) 

Choosing 2j = N — r— s+1 mod N we get that < Sa^-^en, f > gives transition 
probabilities of the Markov chain constructed in the previous section. 

9 Markov trace and representations of the braid 
group Boo 

Let T he a category whose objects we denote by p, ti, r, .... The set of arrows 
between a pair p, a of objects will be denoted by (p, a) and the identity of p by 
Ip. A BWM symmetry is a linear operator G on p satisfying the Yang-Baxter 
equation 

and the following BWM condition: let E = I - [q - q-^)-^ {G - Q-^) . Then 

EG = p-^E, EGE = pE, EG^^E = p~^E, 

where p,q E C— {0} (to be specified later) and G satisfy the cubic equation 

{G-q){G + q-')iG-p-') = 0. 

Then i? is a complex multiple of a projection: 

E^ = {l + {p-p-^){q-q-^)-')E. 

In particular for our purpose let us consider [J-', G) a braided tensor C*-category 
associate to the quantum group SO{N) [29]. Let g G Boo be an element of the 
infinite braid group and let p = p{g) be its associated permutation written as 
a product of disjoint cycles of length fci, . . . , km with fci + fc2 + . . . + km = n. 
Denote by 9 the braiding in the category. Then 

(0(")(g)) =^(")(?(«)(.9) ^d,(p)(")(^(0(p,p))®l^„-,)" (52) 

where Lp{T) = C* ® o 1^ ® T o C ® lp„-i , {dq{p) ^C*oG,C £ {i,pp) and 
C € (ii'pp) are intertwiners. For our purpose we let {J-',G) be a braided tensor 
C*-category associate to the quantum group SO{N) [29] generated by a single 
object p = H and having conjugate p. By o;'-"^ we denote the Markov trace for 
the BWM symmetries which has modulus q^^"^^ {dq{p)^~^^ where {dq{p) is the 
quantum dimension. 

For the quantum SO(iV) (see [29]), N = 2m + 1, the operator G has the 
form 

G = y^(ge,^t (g) Cj^^ + q^^e^^^i (g) e^^^j) + ep^p (g) ep^p + (g) ej,i 

+ (? - 9 "^)(E ^^'"^ ® ^^'^ ~ E ® ^-i-j)- (53) 
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Here {eij} is the N x N matrix with 1 in the position and elsewhere; 
G acts on a finite-dimensional Hilbert space H with basis indexed by / = 
{-2m + 1, -2m + 3, ... - 3, -1, 0, 1, 3, 2m - 1}. The element E = I - {q - 
q-^)-\G - G-^) has the form 

E = ^g^e^j (g) e-i-j. 

Then it is easy to see that E'^ ~ xE, x = q*. 
By m 

{i) There exists a faithful Markov trace w given by a left inverse via a con- 

2 m 

jugate C e {i;Pp) such that w{G) — E — C o C* such that 

E=iq-q-^)-\G-G'^). 

(a) There exists Tq g (C, p^), a group-like element, and non-degenerate map- 
ping given by TqX = A Ci (g) J"^ei, where J = (q^/'^Sij), j = iV + 1 - 
Furthermore there exists an antisymmetric tensor ei^...iM ■ C — > 
which gives a non-degenerate form. 

Thus we construct a random walk on SOq{N) induced from the Markov 
chain as follows: choose 2m = TV+j — i + 1 mod N and dq{p) — [-^](^2) 
presented in section [71 Thus 

MG) = j^^^pU,^) (54) 

Thus the transition probabilities i) of the Markov chain give rise to a Markov 
trace on SOq{N) with = 2m + 1 
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